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We present numerical evidence for the non-perturbative renormalizability
of non-commutative (NC) pure Yang-Mills gauge theory in two dimensions.
On the lattice, it is equivalent to the twisted Eguchi-Kawai model, which we
simulated at N ranging from 25 to 515. We observe a clear large N scaling
for the 1– and 2–point function of Wilson loops, as well as the 2–point func-
tion of Polyakov lines. The 2–point functions agree with a universal wave
function renormalization. Based on a Morita equivalence, the large N limit
corresponds to the continuum limit of NC Yang-Mills theory, so the observed
large N scaling represents the first demonstration of non-perturbative renor-
malizability of a NC field theory. The area law for the Wilson loops holds at
small physical area as in commutative 2d planar gauge theory, but at large
areas we find an oscillating behaviour instead.
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1 Introduction
The concept of spaces with NC coordinates has been known for a number
of decades (see, e.g. [1]), before the mathematicians worked out a precise
formulation of eld theory on such geometries [2]. In the recent years, these
NC eld theories experienced a tremendous boom, which reflects a wide-
spread belief that this variation of standard (commutative) eld theory is
well motivated. The main reason for this popularity is that they are obtained
as low energy limits from string theories and M theory with antisymmetric
tensor elds [3, 4, 5]. Moreover, there may be practical applications to the
quantum Hall eect [6]. For a recent review we refer to Ref. [7].
As an important deviation from standard eld theory, the non-commutati-
vity tensor
µν = i [xν , xµ] = θ µν (1)
introduces some non-locality inside a short range, which is characterised by
the scale of the parameter θ. This non-locality implies deep conceptual prob-
lems, but on the other hand it is considered a virtue which could be crucial
for the link to quantum gravity as well as string and M theory. Moreover,
there was originally some hope that this property could help to weaken or
even remove the UV divergences [1].
However, it is exactly the question of renormalizability where NC eld
theory runs into problems which are even worse than in standard eld theory.
UV singularities are still present, and in addition new IR singularities are
mixed in (this is discussed for instance in Ref. [8]). This notorious UV/IR
mixing aects the non-planar diagrams [9]. Intuitively one may grasp from
eq. (1) that short distance eects in one direction translate into long range
eects in the other directions and vice versa, which causes this kind of mixed
singularities in non-planar diagrams, which does not occur in standard eld
theory. This property poses severe diculties for the renormalization of
perturbation theory, which are not over-come yet. For instance, scalar elds
can become unstable (tachyons) due to IR eects as the non-commutativity is
switched on [9]. The attempts to renormalize perturbation theory include the
methods known from standard eld theory (see e.g. Ref. [10]), controlling IR
divergences in the framework of supersymmetry [11] and the Hartree method
[12]. In spite of some sensible plausibility arguments in favour of perturbative
renormalizability at least to one loop, it is an open question if NC quantum
eld theories do really have nite UV and IR limits.
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This is our motivation for studying, as a relatively simple example, NC
gauge theory in d = 2 by means of Monte Carlo simulations. 1 For interesting
analytical work in this eld, see Ref. [17]. Due to Morita equivalence, 2d NC
Yang-Mills theory can be identied with the twisted Eguchi-Kawai model
(TEK) [13] in the large N limit [14]. The TEK at nite N corresponds to
lattice NC gauge theory [15], as we briefly review in Section 2. In Section 3
we present our simulation results for the TEK, which do reveal that 2d NC
Yang-Mills theory is indeed renormalizable, as we discuss in Section 4.
2 The twisted Eguchi-Kawai model as a for-
mulation of NC gauge theory
Back in 1982, Eguchi and Kawai conjectured that standard U(N) and SU(N)
lattice gauge theories may be equivalent to their dimensional reductions to
d = 0 (one point) in the large N limit [18]. Then all link variables are
replaced by Ux,µ ! Uµ, and the plaquette action simplies to












where µ, ν = 1 . . . d. Eguchi and Kawai proved that the Schwinger-Dyson
equations | and therefore the Wilson loops | are unaltered under dimen-
sional reduction, assuming that the U(1)d symmetry of the phases is not
spontaneously broken. This is correct in d = 2 of course, but in d > 2 it
only holds at strong coupling [19], so the proof for the equivalence to the
reduced model (EK equivalence) has only a limited application. However,
it was shown recently that a variant on the 4d Eguchi-Kawai model (EK
model) surprisingly obeys the area law in a signicant range of scale, so EK
equivalence may still be in business in some nite regime [20].
In order to avoid the problem with the limited viability of the proof
for EK equivalence, the EK model was soon modied such that the phase
symmetries are preserved. This was achieved by the \quenched EK model"
[19], and in even dimensions also by the TEK [13],












1While our simulations were running, a related project was suggested by S. Profumo
[16].
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where the factor Zµν is the twist,
Zµν = Zνµ = exp(2piik/L) , (µ < ν) , (4)
k being an integer and L = N2/d being the size of the system. The usual
formulation sets k = 1.
Further variants of the TEK have been invented [21, 22]. For numerical
studies in d > 2, see Refs. [13, 23] (d = 4) and Ref. [24] (d = 6).
Here we are concerned with the 2d TEK. It seemed for a long time that
adding a twist is not highly motivated in d = 2, since there even the ordinary
EK model coincides with lattice gauge theory in the planar limit, which was
solved by Gross and Witten [25]. This agreement was shown already in the
famous Ref. [18], and it seemed likely to hold also with twist at N ! 1.
Still the 2d model was simulated with the k = 1 twist rst in Ref. [26] and
later in Ref. [27], where the nite N eects were studied; but they did still
not provide much motivation for including the twist.
However the situation changed suddenly due to a new interpretation of










Fµν = ∂µAν − ∂νAµ + ig(Aµ ? Aν −Aν ? Aµ) . (5)
For completeness we mention that the star product is dened as










and that under a gauge transformation





U(x)y , U(x) ? U(x)y = 1 ,
(7)
the Lagrangian Tr Fµν ?Fµν is not invariant, but the action in eq. (5) is gauge
invariant.
This new interpretation of twisted reduced models holds in the stringent
sense of “Morita equivalence”. Roughly speaking, this means that the alge-
bras involved in two models can be mapped onto each other one-to-one, in a
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way which maps each module and its structure properly from one algebra to
the other. 2
This kind of equivalence was found between NC gauge theory and twisted
large N reduced models [14]. That relation was established by embedding
the (dynamically generated) coordinates and momenta of the reduced model
into matrices. These matrices can be mapped on functions, where the trace
turns into an integral and the star products arise, so that one arrives at action
(5). The construction of NC U(n) gauge theories (for certain n 2 f1, 2, . . .g)
works out in this way at N = 1. Ref. [30] pointed out that this transition
corresponds to a Morita equivalence. At nite N the conditions cannot be
matched at the boundaries.
However, in Refs. [15] this mapping was rened and it turned out that
certain reduced twisted U(N) models at nite N correspond to NC Yang-
Mills theories on the lattice. The corresponding lattice formulation itself was
also elaborated in Refs. [15]. 3 From the UV/IR mixing it can be understood
that such a formulation appears necessarily on a periodic lattice, so that the
singularities are consistently regularized, and also the non-commutativity
parameter θ takes discrete values. The continuum limit of lattice NC gauge
theory coincides precisely with the large N limit of the reduced (twisted, com-
mutative) model. This observation completes the explicit non-perturbative
(\constructive") formulation of NC Yang-Mills theory, in a form which can
be studied by numerical simulations. This would be very dicult in the di-
rect lattice formulation, due to the problems related to the star product: rst
it is complicated to introduce star unitary link variables and a measure for
them, then one would still have to nd a way to compute a discrete version
of the star products in action (5).
The SU(N) symmetry of the twisted reduced models corresponds to the
gauge invariance (7) in the NC gauge theories. In the twisted reduced model
the formulation of SU(N) invariant observables (Wilson loops, in particular)
is straightforward, and the mapping on NC gauge theories led also to the
formulation of NC Wilson loops [29]. This formulation works perfectly on
the lattice as well [15]. Various aspects of gauge invariant observables have
been investigated in Refs. [32].
In order to remain in the framework of the discrete Morita equivalence
2As an even stronger relation, “gauge Morita equivalence” implies that also the con-
nections between two modules are mapped onto each other [28].
3For earlier work on a lattice formulation of NC gauge theory, see e.g. Ref. [31].
5
of Refs. [15] one has to take the large N limit from specic nite N TEK
formulations. For the 2d TEK this prescription is dierent from Ref. [27],
which used k = 1 and N even. It turns out that the twist in eq. (3) has to
be taken as
Zµν = Zνµ = exp(pii(L + 1)/L) , (µ < ν) , (8)
which implies 2k = L + 1, hence L must be odd (and L = N in two di-
mensions). Then there exists an explicit map from matrices onto NC elds
[33]. Corresponding to N  N matrices, one obtains elds on a NC torus,
which is discretized into a N  N periodic lattice. The number of degrees
of freedom matches exactly. The non-commutativity is encoded in the dis-
cretized version of the star product, which is used to dene products of elds
in the action. If we introduce a lattice spacing a, the (dimensionful) non-





In the context of EK equivalence, one takes the limit N ! 1 at xed
β, which ensures the equivalence of the TEK model to SU(1) lattice gauge
theory. This is called the planar large N limit, since only planar diagrams
survive. Then the continuum limit should be taken by sending a ! 0 to-
gether with β ! 1 in a particular way dictated by the coupling constant
renormalization. In the present d = 2 case, the coupling constant scaling is
purely canonical (see below)
β / a−2 . (10)
Now interpreting the TEK as a lattice NC gauge theory, the planar limit
corresponds to θ = 1 due to eq. (9). This is a non-perturbative account of
the well-known equivalence between θ = 1 NC eld theory and the corre-
sponding (commutative) planar eld theory.
In this paper, we are interested in a continuum limit of the lattice NC
gauge theory at finite θ. According to eq. (9), this requires the large N
limit to be taken simultaneously with the continuum limit a ! 0. 4 This
4The physical extent of the NC torus Na goes to infinity in this limit. In order to
obtain a finite torus, one has to use a different formulation of lattice NC gauge theory
[15].
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also implies that non-planar diagrams no longer vanish, which is especially
important in the present context, as we mentioned in the introduction. As
we explain in the next section, β has to be scaled as a function of the lattice
spacing a in exactly the same way as in the planar theory. Hence in d =
2 we are going to search for a double scaling limit keeping the ratio N/β
constant. The question of renormalizability of 2d NC Yang-Mills theory can
be answered by studying this large N limit of the TEK. If the observables
converge to nite values, we can conclude that 2d lattice NC Yang-Mills
theory does have a nite continuum limit. The results will be presented in
the next Section.
A double scaling limit of the untwisted EK model was searched for in Ref.
[27]. There large N scaling of observables was indeed observed at a xed
ratio N/β, but this combination of parameters was identied empirically.
The TEK, on the other hand, was studied only at xed β in Ref. [27] and
did not reveal systematic nite N eects. However, we repeat that the TEK
was studied there with twist parameter k = 1 and even values for N .
3 Numeric results
In this Section we present our numeric simulation results for the 2d TEK at
odd N , with the twist specied in eq. (8). In the form of eq. (3), the action
cannot be simulated with a heat bath algorithm because it is not linear in
the matrices Uµ. Following Ref. [34] we introduce an auxiliary matrix eld
Q, which enters in a Gaussian form and which linearises the action in the
Uµ,





QyµνQµν −Qyµν(tµνUµUν + tνµUνUµ)
−(tµνU yµU yν + tνµU yνU yµ)Qµν
]
. (11)
The auxiliary eld Q consists of general complex N N matrices, and their
integration reproduces the TEK as given in eq. (3), if tµν =
√Zµν .
In this respect, and in all other technical points of the simulation, we
follow the methods which were used and described in Ref. [27]. For instance,
we also update SU(2) subgroups of the Uµ matrices, in the spirit of Cabbibo
and Marinari [35].
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N 25 35 55 85 125 195 255 515
# of congurations 9000 8400 20000 8000 3400 260 120 18
Table 1: Overview of the statistics in our simulation of the TEK.
Table 1 displays the number of congurations that we generated at vari-
ous N . Note that the few congurations at our largest values of N provide
conclusive signals only for part of the observables that we evaluated, see be-
low.
As a point of orientation for the interpretation of our data, we consider
the exact solution of planar SU(1) lattice gauge theory in d = 2 [25]. There
the Wilson loop of a rectangle I  J follows the area law
hw(I  J)i = exp(−κ(β)IJ) , (12)
where the (dimensionless) string tension κ(β) is given by
κ(β) =










In particular, the internal energy amounts to
E(β) = hw(1 1)i =
{







which reveals a third order phase transition. Eq. (12) shows how one should
tune the bare coupling constant β as a function of a when one takes the
continuum limit a ! 0. In fact in this case the scaling is exact if one takes




Then the Wilson loop becomes an a-independent function of the physical area
a2IJ . From eq. (15) we see that β should be sent to innity in the continuum
limit as in relation (10). The EK equivalence implies that the exact result
(12) is reproduced by considering the corresponding Wilson loops [13] in the
TEK in the large N limit at xed β.
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Let us now consider Wilson loops in NC gauge theory on the lattice.
Those Wilson loops can be represented in the TEK in the same way as
in the EK equivalence [15]. Now we take the large N limit together with
the continuum limit a ! 0 in order to obtain a nite non-commutativity
parameter θ in eq. (9). We dene a \lattice spacing" as in the planar theory,
i.e. as in eq. (15). Then the Wilson loop still agrees with the planar result
(12) when the physical extent of the Wilson loop is much smaller than the
non-commutativity scale
p
θ. (In the θ !1 limit, it agrees with the planar
result for arbitrarily large area, as it should due to the equivalence between
θ = 1 NC gauge theory and the commutative planar theory discussed in the
previous section.) Therefore, the scaling in the small area regime requires
the lattice spacing to be chosen in the same way as in the planar theory.
The rst interesting question is now whether the scaling of the Wilson loop
extends even to larger areas.
In our study we xed
N
β










 2.55 , (17)
in the continuum limit. Note that we are in the β  1/2 regime for the values
of N we have studied.
In the EK model it was observed that square shaped Wilson loops con-
verge faster to the known exact results in the planar limit than other rectan-
gles with the same area [27]. Hence we also focus on square shaped Wilson
loops here, 5 which we denote as











where I = 1, 2, . . . . For I = 1 it reduces to the plaquette, which appears
in the action (3). Due to the presence of the twist, there is no invariance
under the parity transformation U1 ! U2, U2 ! U1. As a consequence, Wµν
is complex in general, and W12 = W

21, hence the Wilson loop depends on its
5Note, however, that Wilson loops with the same area but with different shapes can
have different expectation values in the double scaling limit.
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orientation. The real part represents an average over both orientations. We




hW12(I  I)i , (19)
which should agree with hw(I  I)i in eq. (12) when aI  pθ. Figure 1




































Figure 1: The real part of the normalized Wilson loop W (I) against
the physical area for various values of N . At small areas Re[W (I)]
follows the Gross-Witten area law, but at larger areas it oscillates
around zero. The dashed lines are plotted to guide the eye.
Large N scaling is clearly conrmed. At small up to moderate areas, the






























Figure 2: The polar coordinates of the complex Wilson loop W (I)
plotted against the physical area. At small areas it is approximately
real and follows the Gross-Witten area law (solid line), c.f. Figure 1.
At larger areas the absolute value does not seem to decay any more,
and the phase increases linearly.
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(12), but at large areas it deviates and the real part oscillates around zero
instead. This observation is consistent over a wide range of N . Remarkably,
not even the absolute value decays monotonously; at large areas it seems
to fluctuate around an approximately constant value. This is illustrated
in Figure 2. There we also see that beyond the Gross-Witten regime, the
phase seems to increase linearly (in the physical area) in the large N limit.
Experiments at N/β = 16 show further that the period of the phase rotation
is proportional to θ. This agrees with a dimensional consideration, based on
the assumption that the parameter θ sets the relevant scale.
In the double scaling limit of the untwisted EK model, the expectation
value of the Wilson loop is real, and it remains positive even at large physical
areas [27]. This means that the two models, twisted and untwisted, yield
qualitatively different double scaling limits, although they become identical
in the planar large N limit.
Figure 3 shows the connected Wilson loop 2{point function
G
(W )
2 (I) = hW12(I  I)W21(I  I)i − hW12(I  I)ihW21(I  I)i , (20)
again plotted against the physical area, for I = 1 . . . N . Here we include a
wave function renormalization factor
G
(W )
2 ! β−0.6G(W )2 . (21)
The exponent −0.6 was found to be optimal for G(W )2 to scale. Indeed it
leads to a neat large N scaling again.






In the interpretation of the TEK as a NC gauge theory, Polyakov lines are
mapped to open Wilson lines which carry non-zero total momentum [29]. The
momentum ~p is related to the separation vector ~v between the two ends of the
line. In general the relation is given by vµ = µνpν modulo the periodicity
of the torus. In the present case, the Polyakov line Pµ(I) corresponds to a
momentum mode with p = 2pik/(Na), where the integer k is given by I/2
and by (I + N)/2 for even and odd I, respectively. In what follows, we plot






































Figure 3: The 2–point function G(W )2 (I) with the renormalization fac-
tor given in eq. (21) (bottom) and without (top), plotted against the
physical area, for I = 1 . . . N . The solid line connects the results for
N = 195.
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The phase symmetry 6 makes hPµ(I)i vanish, but the connected n-point
functions (n > 1) of Polyakov lines are sensible observables. We show in
Figure 4 the 2{point function 7
G
(P )
2 (I) = hPµ(I)P−µ(I)i , (23)
where P−µ(I) = Tr(U y Iµ ), and in Figure 5 the 3{point function
G
(P )
3 (I) = hPµ(I)Pµ(I)P−µ(2I)i . (24)




3 . Again we insert
the wave function renormalization which was optimal for the Wilson 2{point
function, i.e.
G(P )n ! β−0.6n/2 G(P )n . (25)
As a function of the physical length aI, the result is consistent with large N
scaling, as well as a universal wave function renormalization. A similar wave
function renormalization was also observed in the EK model [27], where the
optimal factor in relation (25) is modied to β−0.65n/2.





4 . We also admit that our result for G
(P )
3 does not single
out the exact renormalization factor in eq. (25), though it can be observed




2 over many values of N .
4 Conclusions
We have investigated the 2d TEK in the form which allows for a mapping
onto 2d NC Yang-Mills theory on the lattice, by discrete Morita equivalence.
In this representation as a twisted reduced model, NC gauge theory takes a
form which can be simulated numerically. It requires the specic twist given
in eq. (8) and odd values of N .
The most important conclusion from our simulation results is that we
do observe a double scaling limit as N, β ! 1. This corresponds to the
6In the terminology of NC gauge theory, this corresponds to momentum conservation.
7The choice of the direction µ is irrelevant. In practice we average over both possibilities


































Figure 4: The 2–point function G(P )2 (I) with the renormalization fac-
tor given in eq. (21) (bottom) and without (top), plotted against the





















Figure 5: The 3–point function G(P )3 (I) with the renormalization fac-
tor given in eq. (25), plotted against the physical distance.
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continuum limit of the NC Yang-Mills theory, which has therefore also nite
observables. This observation is the rst demonstration of renormalizability
of a NC eld theory.
The Wilson loop follows an area law at small physical areas, and in this
regime NC Yang-Mills theory agrees with planar standard Yang-Mills theory.
However, at larger areas the Wilson loop becomes complex and the real part
(the mean values over both loop orientations) begins to oscillate around zero.
The period of the phase rotation is proportional to θ. This eect is stable
even if N increases up to 515. It means that we have found a qualitatively
new universality class. At rst sight, it may look surprising that the non-
commutativity | which introduces a short-ranged non-locality in the action
| changes the IR behaviour of the gauge theory completely. However, this
eect does not appear unnatural if we remember that the double scaling limit
captures also non-planar diagrams, which cause the UV/IR mixing through
loop eects.
For the connected Wilson loop 2{point function, as well as the 2{ and
3{point function of the Polyakov line, we can conrm the large N scaling.
All these observables are in agreement with a universal wave function renor-
malization, which yields a factor β−0.6n/2 for a connected n-point function
(n > 1). This is similar to | but not identical with | the universal renor-
malization factor which was found for the (untwisted) EK model. 8
Finally we should mention that in d > 2, NC eld theories can be formu-
lated such that the time coordinate is not included in the non-commutativity.
Including it causes especially severe conceptual problems regarding causality
etc. Therefore it would be important to conrm non-perturbative renormal-
izability also in higher dimensions, where non-commutativity is introduced
only between spatial coordinates. We are currently simulating the 3d NC
φ4 model [37], which can also be mapped onto a twisted reduced matrix
model [29]. In that case, the non-commutativity parameter θ could lead to
an interesting phase diagram [12].
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